The CP conserving amplitudes for the decays K → 3π are calculated in Chiral Perturbation Theory. The calculation is made at the next-to-leading order including strong and local electromagnetic isospin breaking. A comparison is made between the squared amplitudes with and without isospin violation to estimate the size of the effect. We find corrections of order five percent in the amplitudes.
Introduction
Chiral Perturbation Theory (ChPT) is the effective field theory of the low-energy strong interactions. It was introduced in its present form by Weinberg, Gasser and Leutwyler [1, 2, 3] and it has had many successes and applications. A pedagogical introduction can be found in [4] . The theory has been applied as well for nonleptonic weak decays. The main work of extending ChPT to the nonleptonic weak interaction was done by Kambor, Missimer and Wyler who worked out the general formalism [5] and applied it to K → 2π, 3π decays [6] . These results were then used to obtain directly relations between physical observables in [7] . Reviews of applications of ChPT to nonleptonic weak interactions are [8] . The expressions of Ref. [6] were never published and have been lost.
The next-to-leading order K → 2π amplitudes in the isospin limit were recalculated in [9, 10] and the K → 3π amplitudes in [10] . The latter have been confirmed in [11] . In [10] a full fit to all available K → 2π and K → 3π experimental results was performed and it was found that one could fit the decay rates and the slopes in the Dalitz plot. There was a discrepancy with the observed quadratic slopes or curvatures in the Dalitz plot and this can have several different origins. It could be an experimental problem (especially given the discrepancies between several experiments) or it could have a theoretical origin. In the latter the amplitudes calculated so far have three different types of corrections, isospin breaking, electromagnetic corrections or higher order ChPT corrections. In this paper we investigate the first class. Work is in progress to evaluate the electromagnetic corrections as well. More precisely, in this paper we investigate effects of the quark mass difference m u − m d as well as the local electromagnetic effects. We have worked out all orders in m u − m d to order four in the chiral expansion but we have found that the numerical difference between the all order isospin breaking and the first order effect was much smaller than the other uncertainties in the calculations. We therefore present results only to first order in m u − m d .
There exists very little work on isospin breaking in K → 3π decays and none that we know of within ChPT. The K → 2π case has been investigated more extensively since it has possibly strong effects on ǫ ′ /ǫ [12] . Recent works are [13, 14, 15, 16] . The outline of this paper is as follows. The next section describes strong isospin breaking. Section 3 presents the Chiral Lagrangians needed for the calculation to next-to-leading order and section 4 specifies the decays and describes the relevant kinematics. The analytical results, the amplitudes for K → 3π, are described in section 5 and in section 6 some numerical results are shown. The last section contains the conclusions.
Strong Isospin Breaking
Historically, the isospin approximation meant treating the proton and neutron in the same way. In a quark picture this corresponds to treating the up-and down-quark as being identical. This implies putting m u = m d as well as neglecting electromagnetism. Obviously this is an approximation but since one can roughly estimate the corrections, and it greatly simplifies the calculations, its use is very common. However, to reduce the errors one has to quote, the isospin approximation has to be abandoned.
Isospin breaking is usually divided into two parts. Strong isospin breaking coming from the fact that m u = m d , and electromagnetic isospin breaking from including electromagnetic effects. In this paper we only take into account the strong part and the local part (the part which doesn't include explicit photons) of the EM isospin breaking. From now on we will use the name strong isospin breaking for the sum of these two effects.
The difference between m u and m d leads to mixing between π and η. This means changes in the formulas for both the physical masses of π and η as well as the amplitude for any process involving either of the two. For a detailed discussion see [17] .
Including the local EM part means introducing new Lagrangians at each order, proportional to e 2 and p 2 e 2 respectively.
The ChPT Lagrangians
The starting point of our ChPT calculation is the Lagrangians. The order parameters in the perturbation series are p, the momenta of, and m, the mass of the pseudoscalars. Including isospin breaking also e, the electron charge, is used as an order parameter. 
Leading Order
Our leading order effective Lagrangian assumes the form
Here L S2 refers to the strong ∆S = 0 part, L W 2 the weak ∆S = ±1 part, and L E2 the strong-electromagnetic and weak-electromagnetic parts combined. For the strong part we have [2] 
Here A stands for the flavour trace of the matrix A, and F 0 is the pion decay constant in the chiral limit. We also define the matrices u µ , u and χ ±
where the special unitary matrix U contains the Goldstone boson fields
The formalism we use is the external field method of [2] , but for our purpose it suffices to set
We diagonalize the quadratic terms in (2) by a rotation
where the lowest order mixing angle ǫ satisfies
For the weak part the Lagrangian has the form [18]
The tensor t ij,kl has as nonzero components 
and the matrix ∆ ij is defined as
The coefficient C is defined such that in the chiral and large N c limits G 8 = G 27 = 1,
Finally, the remaining electromagnetic part, relevant for this calculation, looks like (see e.g. [19] )
where the strangeness-conserving term includes
and the weak-electromagnetic term is characterized by a constant
Next-to-leading Order
Since ChPT is a non-renormalizable theory, new terms have to be added at each order to compensate for the loop-divergences. This means that the Lagrangians increase in size for every new order and the number of free parameters rise as well. At next-to-leading order we split the Lagrangian in four parts which, in obvious notation, are
Here the notation (G 8 ) indicates that here only the dominant G 8 -part is included in the Lagrangian, and therefore in the calculation. The strong part we need looks like [2, 20] 
and the weak part, quoting only the terms relevant for K → 3π decays, is [5, 21, 22] , 
The octet operators are
and the 27 operators are
The complete minimal Lagrangian of O(G 8 e 2 p 2 ) takes the form [19] 
with operators Q w i of O(p 2 ) and dimensionless coupling constants Z i . A linear independent set of operators is given by
Finally the strong-electromagnetic part, which looks like [20, 23] 
with The infinities appearing in the loop diagrams are canceled by replacing the coefficients in (16), (17) , (20) and (22) by the renormalized coefficients and a subtraction part. The infinities needed in the strong sector were calculated first in [3] and those for the weak sector in [5] . The terms are all of the type
with the dimension of space-time d = 4 − 2ǫ and
For X = L, N, D see [10] , and for X = Z, K see Table 1 [19, 23] . However, since the full e 2 p 2 -contribution is not included (the explicit photon diagrams are left out), the infinities don't cancel completely. They still provide a number of checks on the calculations though. Since contributions of order e 4 are neglected, Lagrangians allready containing e 2 will not add any explicit photon terms. Therefore the infinities proportional to Z and G E cancel. Even more, since there are no explicit photon contributions to the decays involving only neutral particles, like K L → π 0 π 0 π 0 , the infinities in that channel cancel completely.
Kinematics
There are five different CP-conserving decays of the type K → 3π:
where we have indicated the four-momentum defined for each particle and the symbol used for the amplitude. The K − decays are not treated separately since they are counterparts to the K + decays. The kinematics is treated using
The amplitudes are expanded in terms of the Dalitz plot variables x and y defined as
The amplitudes for 
The functions M i (s) are not unique. The full list of ambiguities can be found in App. A of [10] .
5 Analytical Results
Lowest order
The two diagrams that contribute to lowest order can be seen in Fig.1 .
One of the problems in expressing the amplitudes is the various possible choices of masses to express the isospin conserving piece in. The simplest expressions usually follow 
when using a mixture of the neutral and charged masses and in the part that is obviously isospin violating we can use the neutral and charged masses interchangeably, denoted by m 
This is in the isospin limit the same as (31) in [10] using Eq. (A.9) there.
This can be brought into the form of (32) of [10] using the equivalents of (A.3-A.5) there.
Here F π and F K are the pion and kaon decay constants respectively. The terms proportional to G E are published before in [11] and, after sorting out some misprints there, the results fully agree.
Next-to-leading order
The results at next-to-leading order are a lot longer, and we decided to not include them all explicitely. A L 000 is however the full first order isospin breaking amplitude (no explicit photon diagrams contribute) and we therefore present it in App. A. The expressions for the remaining amplitudes are available on request from the authors or can be downloaded [24] .
The diagrams contributing are the same as in [10] , see figure there. Note however that vertices from L W 4 can now also be from
The amplitudes at next-to-leading order can in principle include all the parameters from L W 4 , L S4 , L W 2E2 and L S2E2 . The coefficients from the strong and electromagnetic Lagrangians are treated as known, which leaves G 8 ,G 27 ,N Table 2 for the ones already present in the isospin limit [10] and Table 3 K 1 The results proportional to G E at next-to-leading order are also published in [11] and, after sorting out some misprints there, the results fully agree.
The corrections to the masses and decay constants including strong isospin breaking were also recalculated, and they were found to agree with the known results, see [20, 23] and references therein.
Numerical Results

Experimental data and fit
A full isospin limit fit was made in [10] taking into account all data published before May 2002. One of the reasons for this investigation of isospin breaking effects is to see whether isospin violation can solve the discrepancies in the quadratic slope parameters found there. A new full fit will be done after all the electromagnetic contributions have been included in the amplitudes (work in progress). The data from ISTRA+ [25] and KLOE [26] , which appeared after [10] , will then also be taken into account.
Results with and without strong isospin breaking
Our main result is the comparison between the amplitudes in the isospin limit and including first order strong isospin breaking. In Fig. 2 we show the phase space boundaries for the five different decays and the three curves along which we will show results for the squared amplitudes with and without first order strong isospin breaking. The three curves are x = 0, y = 0 and x = √ 3 y. In Fig. 3 to Fig. 7 we then plot the different squared amplitudes along these curves as a function of r, where r = ± y 2 +
and the sign is chosen in the natural way, Table 5 together with the decay rates integrated over the Dalitz region. In Fig. 3 The input values used to get the results can be seen in Table 4 . L r 1 to L r 8 come from a one-loop fit in [17] , G 8 , G 27 , δ 2 − δ 0 andK 1 toK 11 from the isospin limit fit in [10] , G E from [27] and sin ǫ from [17] . For Z we use the estimate
which corresponds to the value in Table 4 . As usual, µ is chosen to be 0.77 GeV. Very little knowledge exists of the values of K 1 . . . K 11 andK 12 . . .K 30 , so they are set equal to zero (tests were also made assigning order of magnitude estimates to them).
There are various ways to treat the masses, especially in the isospin limit case. In [10] the masses used in the phase space were the physical masses occuring in the decays. However in the amplitudes the physical kaon mass of the kaon involved in the process was used and the pion mass was given by m but the physical masses in the phase space. The results presented used the Gell-MannOkubo (GMO) relation for the eta mass in the loops. Results with the physical eta mass gave small changes within the general errors given in [10] . In the present isospin breaking calculation all the pion and kaon masses were used correctly in the amplitude, but for the eta we again use the GMO relation, but now including isospin breaking,
The possible lowest order contributions from the eta mass have been removed from the amplitudes using the corresponding next-to-leading order relation.
Here follows a discussion of the results in somewhat more detail. In general the results are of a size as can be expected from this type of isospin breaking. They are of order a few, up to 5% in the amplitudes. The isospin breaking corrections tend to increase all decay rates somewhat but this can be compensated by small changes in the values of the fitted K i compared to the results of [10] . The number of significant digits quoted in Table 5 is higher than the expected precision of our results, but the trend and the general size of the change compared to the isospin conserving results are stable with respect to variations in dealing with the eta mass (physical or GMO).
For K L → π 0 π 0 π 0 the central value of the amplitude squared increases by about 3%. The change in the quadratic slope is similar but the total variation over the Dalitz plot is small so the total decay rate increases by about 3% as well. This decay is the one which has most variation in the amplitude when changing how one deals with the eta mass. The extreme case we have found was that this effect completely cancelled the change from isospin violation. For this decay the amplitude as presented in the paper is also the final one. There are no contributions from loops with photons for this decay. It will only be indirectly affected when theK i are determined from the decays involving charged particles which do have contributions from loops and tree level diagrams with photons. Note the scale in Fig. 3 when viewing because of the symmetries. The amplitude and the slopes increase by about 3% as can be seen in Fig. 5 . The decay K + → π 0 π 0 π + has the largest increase. The squared amplitude in the center changes by about 11%. The linear slopes decrease somewhat leading to an increase of about 8% to the total decay rate when compared with the isospin conserved case.
The decay K + → π + π + π − has a change of about 7.5% upwards in the center of the Dalitz plot and a similar change in the decay rate. The slopes decrease somewhat.
The conclusions above do not seem to change qualitatively when we give the K r i a value of about 0.001 and the extraK i a value relative to G 8 and G 27 of 0.01. However the changes induced by these values can be of the order of 10%, largest for K L → π 0 π 0 π 0 . It should be noted that the mentioned changes are with the values ofK i determined using the isospin conserving fit. A new determination including isospin breaking effects is planned when the diagrams with photon propagators, both at tree level and one-loop level, have been taken into account. At present most of the changes found can probably be compensated by changes in theK i .
Conclusions
We have calculated the K → 3π amplitudes to next-to-leading order (p 4 , p 2 m 2 , m 4 , p 2 e 2 ) in Chiral Perturbation Theory. A similar calculation was done in [10] in the isospin limit, but we have now included strong isospin breaking (m u = m d ) and local electromagnetic isospin breaking in the amplitudes . This was done partly because it is interesting in general to see the possible importance of isospin breaking in this process, but also to investigate whether isospin violation will improve the fit to experimental data. Discrepancies between data and the quadratic slopes from CHPT were found in [10] , and isospin breaking may be the cause of this.
We have tried to estimate the effects of the breaking by comparing the squared amplitudes with and without isospin violation. The effect seems to be at a few percent level, and probably not quite enough to solve the dicrepancies. However, to really investigate this a new full fit has to be done also including the explicit photon diagrams and the new data [25, 26] published after [10] . This is work in progress and will be presented in the future papers Isospin Breaking in K → 3π Decays II and III.
A The amplitude for
We divide the M 0 (s) function defined in Eq. (29) as
8,e 0 (s)
The effect of G ′ 8 cannot be distinguished from higher order coefficients in decays not involving external fields. This was known at tree level earlier and has been proven to one-loop in [5] . This means that terms proportinal to G ′ 8 are effectively removed. We have extensively used the first order isospin broken GMO relation,
in writing the amplitude in the form below. The explicit expressions for A, B and B 1 , the finite part of the loop functions, can be found in many places, e.g. [29] .
The octet ones are: (A.8)
The last term is the infinity remaining from the loops since we haven't included the O(G 27 e 2 p 2 ) Lagrangian.
